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ON THE UPPER AND LOWER CLASS FOR
STATIONARY GAUSSIAN PROCESSES(%)

BY
TUNEKITI SIRAO(?) AND HISAO WATANABE(®)

1. Introduction. Let X={x(¢); 0=7=<1} be a real stationary Gaussian process
defined on a probability space (Q, &, P). As is well known, a stationary Gaussian
process is uniquely determined by its mean value m= E(x(¢)) and covariance
function p(h)=E((x(¢+h)—m)(x(t)—m)). Without loss of generality, we may
assume that m=0 and p(0)=1. Then we have o%(h)=2(1—p(h)), where o2(h)
denotes E((x(¢+h)—x(2))?), and accordingly all the information about X is
contained in o2,

Ju. K. Beljaev [1] has shown that for stationary Gaussian processes X the
following alternatives take place: either all sample functions are continuous, or all
sample functions are unbounded in every interval of finite length (0-1 law). In the
continuous case, he has further generalized G. A. Hunt’s results [5] concerning
Hélder continuity of sample functions. Before stating his result, we shall define the
upper and lower classes for X. If there exists a positive number 8 such that
O<|[t—s|<8 (0=¢,5=1) implies |f(2)—f(s)|=g(|t—s][), then it is said that f
satisfies Lipschitz’s condition relative to g.

DErINITION 1. Let X={x(#); 0<¢=<1} be a stationary Gaussian process. Then a
monotone nondecreasing continuous function ¢ defined on [a, ) with a>0 is
called a function belonging to the upper class (with respect to the uniform con-
tinuity of X), if almost all sample functions x(¢, w) satisfy Lipschitz’s condition
relative to g(h)=o(h)p(h~1), i.e. for almost all w there exists a §(w)>0 such that
0<|t—s]| < 8(w) implies

IX(t, w)—JC(S, w)[ é O'(t—S)(p(I/It—'S[).

A monotone nondecreasing continuous function ¢ is called a function belonging
to the lower class (with respect to the uniform continuity of X), if almost all sample
functions x(#, w) do not satisfy Lipschitz’s condition relative to g(h)=o(h)p(h~?),
i.e. for almost all w there exists a sequence {t,(w); n=1, 2, 3,...}<[0, 1] such that

|x(t2n)_x(t2n—l)| > 0(!’21;"fzn—ll)?’(l/'tzn"tzn—ll), nzl,

and |t — 123, -1 = 0 as n— o0.

Received by the editors June 13, 1969.
(*) The results of this paper were partially reported in [8] without proof.
(?) Nagoya University and The Rockefeller University.

(®) Kyushu University.
Copyright © 1970, American Mathematical Society

301
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The collection of functions belonging to the upper class is denoted by #* and
the one for the lower class is denoted by £*(*).

Using these notations, Beljaev’s result is stated as follows: Let X be a continuous
stationary Gaussian process with 0-mean and assume that there exist positive
constants 8, C; < C,, and « (0 << 2) such that for any 4 € (0, )

Cik¥||log h| = o°(h) = Coh®/|log Al

and further o?(h) is concave in (0, §). Then the function ¢(t)=c{o(z ~*)t*/2}-1
belongs to #* or £* according as ¢>(2C,)'/22%+1/2(2%/2—1)~1 or ¢<(2C,)"'2. As
is easily seen, we have unfortunately

Qa+ 1/2
/2 __

1/2

> (2C))Y3, 0<a<20<C <C,

On the other hand, the final form about the Holder continuity of Wiener process
is known which states: A monotone nondecreasing and continuous function ¢
defined on [a, ) belongs to #* or £* according as

) [Totreni-tomid <o o -,

a

(cf. Chung-Erdos-Sirao [3]). So we can see that

o(t) = {2log t+5logg, t+21ogg t+ - - - +2 108w -1y t+(2+¢) loga, t}2,

tze"  (n—1 times)

belongs to #* or #* according as ¢>0 or ¢<0, where log, ¢ denotes the k-fold
iterated logarithm, i.e.

logy, t = log log- - -log t.
(k times)

Our main purpose in this paper is to give a criterion like (1), under certain con-
ditions on ¢2, which decide if ¢ belongs to #* (£*) or not(®).

The authors wish to express their hearty thanks to Professor K. Itd for his
valuable suggestions.

2. Results. Throughout this paper, X={x(¢); 0<¢<1} is a real, continuous
and stationary Gaussian process with zero mean, defined on the probability space
(Q, 4, P). We denote the correlation function of X by p and assume p(0)=1,
and accordingly o2(h)=2(1— p(h)).

(%) The superscript u expresses ‘“ with respect to the uniform continuity™.
(®) #* and Z* denote the collection of upper functions and lower functions defined for
Wiener process, respectively.
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Let g be a positive continuous function defined on (0, 1). For a =0, define £(a) by

x(t, w)—x(s, w)

—du- 1 0 < < —s| <= nl <al-
é(a) {w,lhlirgsup[ 2(i=s]) ;05 t21,0< |t s|=h]=a}

Then we have

THEOREM 1. If o(h)/g(h) tends to zero with h, then it follows that for any a>0,
P(&(a))=0 or 1.

From this theorem, we can easily see the following

COROLLARY 1.1. If o(h)/g(h) tends to zero with h, then for any a=0

P (lim sup x(1) = x(s),

——0=s51=210< |t—s| éh] =a) =1 or 0.
R10 g(lt—s)

REMARK 1. The above corollary suggests that under Beljaev’s assumption
mentioned in §1, there exists a constant C, between C, and C, such that ¢(z)=
c{t*%a(t ~1)}~! belongs to #* or £* according as ¢> C, or ¢< C,.

Now we consider the following condition (A):

(A.1) For suitably chosen constants «, 8, C3, C, and & such that O0<a<2,
—o0<B<o0,0<C3<Cy<o0 and 0< &< 1, it holds that for any 4 € (0, 8)

Cshe[|log h|* = o®(h) = Cyuh®[|log h|*(°),

(A.2) o?%(h) is concave or convex in (0, 8), where 8 is a constant mentioned in
(A.1).

REMARK 2. The condition (A.1) is a slight generalization of the corresponding
one in Beljaev’s case, because B is arbitrary in our case.

REMARK 3. For the existence of processes satisfying the condition (A), we have
the following sufficient condition.

A sufficient condition: Let f be the spectral density function of correlation function
p. If f satisfies the following two conditions, then X satisfies the condition (A).

(i) There exist positive constants C;, C4 and K such that

CS éf(x)xa+1(log x)ﬁ é C4’ X g K’

where 0<a<2, —00<f<00.

(ii) g(x)=x2f(x) is two times differentiable in x, and for some O<e<1 either
one of the following (a) or (b) holds.

(a) x®*~¢g"(x) is bounded from below, and lim inf,_, , x3~¢g"(x)>0.

(b) x3-¢g"(x) is bounded from above, and lim sup,_, , x3~¢g"(x) <O0.

The proof of this statement will be given in §7. It is also shown that, the cases
(a) and (b) correspond to the convexity and concavity of o2, respectively.

(®) If a separable stationary Gaussian process X satisfy the condition (A.1), then x(¢, )
is continuous in ¢ with probability 1 (cf. [4]).
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Now let f be a spectral density such that
f(x) = c/(x**'(log x)’), x z K,

where ¢>0, K21, 0<a<2 and —oo<fB<oo. If f'(x) and f"(x) are bounded on
[0, K], then the corresponding process X satisfies the condition (A), and o2(h) is
convex or concave in a small interval (0, 8) according as 1 <a<2 (or =1, §>0)
or 0<a<1 (or a=1, 8<0). In fact, we have for g(x)=x2f(x)

L {atam )+ Qs BE

x**+(log x)? logx  (logx)?

1 ” —
;g (x) =
Then we can see for 0<e<2—a

lim inf x3~¢g"(x) = o0, l<a<2 or ea=1 and B>0

and
limsup x®~¢g"(x) = —00, O<a<1l or a=1, B<0,
X = 00
which show the convexity and concavity of o2 respectively. In the case =1, =0,
o2 is still concave if other conditions hold. But if we replace constant ¢ by a positive

and bounded function, then there may happen both cases.
Now we state:

THEOREM 2. Let ¢ be a positive, continuous and nondecreasing function defined on
[a, o) with a> 0. If the process satisfies the condition (A) and it holds that

@ f " @)= exp [~ 3¢2(1)] dt < oo,

a

then the function ¢ belongs to U".
Under the same assumption on X as in Theorem 2, we have
COROLLARY 2.1. For any >0,
{21og t+(4/a+1) log, t+21ogg t+ - - - +2 1084 -1y t+ (2 +¢) loge, t}1/% € %~

COROLLARY 2.2.

. XO=x(s) .0, _s| = ]< )=
P(l’gr; sup SG=5)2llog [t=3] |}1,2,0 <s5t=21,0<|t—s|=h| =1 1.

THEOREM 3. Let ¢ be a positive, continuous and nondecreasing function defined on
[a, 00) with a> 0. If the process X satisfies the condition (A.1) and o2 is concave in a
small interval (0, 8), and further

3) j o)1 exp [~ 3¢*(t)] dt = o,

then the function ¢ belongs to £*.
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Under the same assumption on X as in Theorem 3, it follows
COROLLARY 3.1. For any ¢20,
{2log t+(4/a+1) loge, t+2 log@, t+ - - - +2 108 -1yt + (2 —¢) loge, t}H2 e L.
Combining Corollary 2.1 and 3.1, we have

COROLLARY 3.2. Under the same assumption on X as in Theorem 3, it holds that

. x(t)—x(s) .0 < < < ]_ )_
P(l;flg sup SF—5)2[log [1—3] |}1,2,0 Ss5t=L,0<|t—s|Sh|=1)=1

REMARK 4. As was stated already, our main purpose is to prove Theorems 2 and
3. But we remark here that the condition (A) excludes all the cases for «=0 which
contains the critical case whether all sample functions are continuous or not (cf.
X. Fernique [4]).

Next, we shall state the corresponding results concerning the local continuity
of X.

DEFINITION 2. Let ¢ be a function defined on [a, o) with a > 0. If, for almost all
w, there exists a positive 8(w) such that 0<h<8(w) implies [x(h, w)—x(0, w)|
< a(h)y(1/h), then ¢ is called a function belonging to the upper class with respect to
the local continuity of X. If, for almost all w, there does not exist any positive §
with the above stated property, then i is called a function belonging to the lower
class with respect to the local continuity of X.

The collections of functions belonging to the upper and lower classes with respect
to the local continuity of X are denoted by % and %, respectively.

REMARK 5. Let ¢ be a number between 0 and 1. If ¢ belongs to %, then for almost
all w there exists 8(¢, w) >0 such that

|X(t+h, 0)—x(t, w)| < o(B)p(1/h), O < h < 8(t, w),

because X is stationary. We may also consider that the above inequality holds for
any h (#0) between — 8(¢, w) and 8(¢, w), because Y={y(t, w)=x(1—1, w); 05t <1}
is stochastically equivalent to X. ‘

Using the notations % and %, we have

THEOREM 4. Let i be a positive, continuous nondecreasing function on [a, o) with
a>0, X be a process satisfying the condition (A.1), and o(h) be monotone non-
decreasing for small h>0. If

@ [ 3 w0 exp (-4 dr < o,

Ath_en Y belongs to U.
COROLLARY 4.1. Under the same assumption on X as in Theorem 4,
{21og) t+(2/e+1) logg, t+2 108y, t+ - - - +2 1081y t+(2+¢) loge, 32
belongs to U if £>0.
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THEOREM 5. Let ¢ be a positive, continuous and nondecreasing function defined on
[a, ©) with a>0. If X satisfies the condition (A.1) and o® is concave in a small
interval (0, 8), and further

®) [ o0t e -4 dt = o,

then i belongs to %,
COROLLARY 5.1. Under the same assumption on X as in Theorem 5,
{2loge) t+(2/a+1) loga) t+2 logyy t+ - - - +210gp -1, t+(2—¢) log,, t}/2
belongs to £ if 0.
Combining Corollary 4.1 with the above one, we have

COROLLARY 5.2. Under the same assumption on X as in Theorem 5, it holds that

. x(h)— x(0) _ _
P ("Tfo“p ()2 loge (/WP ‘) =L

Let us return to the uniform continuity of X.

THEOREM 6. Let 0<a<2, —o0<fB <00, C,>0, and suppose that
o®(h) = C.h*/|log h|°.

If o2 is concave or convex in a small interval (0, 8) according as 0<a<1 (or a=1,
B=0) or 1<a<?2 (or a=1, B>0), then for any >0 there exists an hy(w), with
probability 1, such that 0 < [t—s| < hy(w) implies

t'—S « 1/2
|x(t, w)—x(s, w)| < {(2+€)C4 ﬁt—_;l”ﬁ} , O0=st=s1.

The above result is an improvement of the first half of Theorem 7 in Beljaev [1].
Now let F be the spectral function of X, i.e.

©6) o) = f " exp [ihx] dF(x) = 2 f ® cos hx dF(x)(7).

Then we have

COROLLARY 6.1. Let X be a process satisfying
. .
f xlog x| dF(x) < 0, 0<a<2 —oo<§p <.
o
If o2 is concave or convex in a small interval (0, 8) according as 0<a<1 (or a=1,

(") F is a nondecreasing function of symmetric variation with F(c0)— F(—o0)=1.
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B=0) or 1<a<2 (or =1, B>0), then for any >0 there exists an ho(w), with
probability 1, such that

|t—s]*

— < Moo 171 —<| 18-1
|x(t, w)—x(s, w)| < & |log |t—s| |#-1

1/2
} L 0811, 0<|i—s| < how).

This corresponds to Theorem 4 in G. A. Hunt [5].

3. Proof of Theorem 1. Since p(¢—s) is continuous in (¢, s) € [0, 1] [0, 1], we
have by Mercer’s theorem :

plt—s) = i 1 #aD)pels),

where A, ¢, (n=1,2,3,...) are the eigepvalues and orthonormal eigenfunctions
of the integral equation

#0) = A [ plt-s)p(s) s,

and A, >0 because p is positive definite. We remark that

eatt+h—ea(0)] = | [ {p(t+h—s)—p(t—s)}%<s)ds[

IA

@ An{f: |p(t+h—5)— p(t—s5)|? ds}m

1 1/2
w{ [} 1B+ B = xO o1 s}
o
=< Ao(h).
Now let {y,;n=1,2,3,...} be a sequence of mutually independent standard

Gaussian random variables. Then, for any ¢ € [0, 1], the series

M, w) = i e o)

converges in the square mean (cf. M. Loéve [6, p. 478]), and by the three series
theorem, converges with probability 1. So the Gaussian system Y={y(r); 0<r=1}
where r denotes rational number is equivalent to the system X'={x(r); 0=r=<1}.
Next we consider the events ¢'(a) and &”(a; j) defined by

&'(a) = {w;lit:l&soup [%;0 Srnr21,0<|r—r'| £ h] =< a},

”, . . < 1 (P'Il(r )_‘Pn(r ,) ’
g s = ;h ’ n; é b é b
@.J) {“’ 5P [Z, V& gQr=r Ym0snrsl

0<|r—r'| £ h] < a},

j=1,23,...,
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where r and r’ denote rational numbers. Since X and g are continuous, the
equivalence of X’ and Y implies

P(8(a)) = P(&'(a)) = P(6"(a; 1)).
Moreover (7) and the assumption on o(h)/g(h) tells
¢"(a;1) = €"@azj), Jj=123,...

Therefore, using the fact that &”(a; j) is a tail event, i.e. £"(a;j) depends only on
Y. With n2j, we can see by Kolmogorov’s 0-1 law P(&"(a; 1))=0 or 1, and
accordingly P(6(a))=0or 1. Q.E.D.

4. Proof of Theorem 2. We proceed along the line of T. Sirao [7], but the proof
is somewhat complicated. So we divide it into several lemmas.

LeMMA 1. Theorems 2 and 3 are true if they hold under the assumption that for
t>e*va(®)

® {2log 1312 = @(t) = {21log 1+(7/e) loge, 131/2(°).

Proof. Cf. T. Sirao [7, Lemma 1]. (The proof given there does not need any
change for the present case.)

By Lemma 1, we may assume in the following proofs of Theorems 2 and 3 that
(8) holds for any t=a and accordingly ¢(z) tends to infinity with z. Moreover
Theorems 2 and 3 treat the Holder continuity of stationary processes. So it is enough
to consider the behavior of x(¢) in the time interval [0, 8]. (Divide [0, 1] into
2([1/8]+ 1)(*°) subintervals of [k8, (k+1)8], [(k+1/2)8, (k+3/2)8], k=0, 1,2,...,
[1/8]+1, and consider a pair of (¢, s) such that |t —s| < §/2, if necessary.) Therefore,
despite the unnaturalness of assuming (A.1) in (0, 1), we may assume that the
condition (A), especially (A.2), holds in (0, 1) if we regard [0, 8] as [0, 1] for the
convenience of description. Further we may regard by the same reason that o?
is monotone nondecreasing in (0, 1).

Now we define the event E(p; k, I) by

© E(p; k, 1) = {w; x((k+1)/27, ) —x(k[2?, w) 2 o(]]2°)p(27/])},
0=sk=2, 0= léplla’ p=123...
Then we have

LEMMA 2. For any c € (0, 1), we have

[plle]

i i Z P(E(p; k, 1)) <00 or = o0

p=1k=1l=[cpll®]+1

(®) av b=max (a, b) and a A b=min (a, b).

(®) The coefficient 7 on the second term has no special meaning except that the integral (2)
for right hand side is finite.

(29 [x] denotes the greatest integer which does not exceed x.
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according as
f o)~ exp [~ 3p(1)] di < 00 or = co.
a

Proof. By the monotonicity of ¢, we may assume without loss of generality that
a is sufficiently large so that ¢(¢)>1 and accordingly ¢(¢) exp [—¢%(¢)/2] is non-
increasing in ¢ =a. Then for (p, I) with 2?//=a, we have

ST T 0 (1)

10) < PUEDs K, D) = g |

o2P 11

©

exp [—x2%/2] dx
)

< Gy 5 P -3 @ID]
We can further see by the monotonicity of ¢ that
T o [27 (o)
(1) < =75 &P [~ 3927 )]
S ooy P [ 4P G T, (] S 1S [

So if p, and C; are so large that
@(p5 H%2%0) A (pg1%2%) > a and Cs 2

1 {1 _ 1 -t
Q2m)T2 2(1—p; )= ?
then it follows from (10), (11) and (8) that

o 2P [pl/e]

> 2 2 PEpkD)
p=pg k=1 l=[cpl/®]+1

l 2Pplla . _ 1’/a
= Q)2 v=zpo P(p-1%27) exp [—3¢?(p~1*27)]

12) » -
1 24 1 1
< —_— 2/« 1,2 p—1/e)p
= C5 pro plla (p_ 1)1/a}p (P(p—lla2p) €Xp [ %‘P (p 2 )]

< ¢, f o(0)4 " exp [~ 3p*(2)] dt.

Similarly we can see the existence of Cg such that

© 2r [plle]

> > 2 PE®p:kD)

p=pg k=1 l=[cplia]+1

(1—-¢) < 2pplle L
= —1p2(o-1p-1lle

(13) > ¢ i (L—i)qp(c—lp—l/azp)‘i/a—l exp [—1g3(c™1p~1e27)]
= -6 Zho c(p+l)1/°‘ cp®
z Ce @(£)*/*~* exp [—19*()] k.
¢~ 1pgli%2pe
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Now (12) and (13) prove Lemma 2. Q.E.D.
According to Lemma 2, we can see in the present case
o 2P [pll%)
(14) > > > PEPp;kD) <.

p=1k=11=[plle/2]

This means by Borel-Cantelli’s lemma that for almost all w there exists po(w) such
that p > po(w) implies

x((k+1)[27, w)—x(k[2°, w) < o(I[27)p(27]]), O = k £ 27, [$p¥*] £ I £ [pY°].

It is our purpose to show that the above inequality holds for any pair (s, t) with
0<|t—s|<1/27, To show this, we consider the following events F(q; m, n) for
fixed (p, k, I). Let ¢ be a large number which makes e° an integer and satisfies
inequalities

2
(2/77.)112 exp [ _% (ec/4/2)2a(q - 1)] < C7€ -ch,

s qz2,

C7(ec/4/2)a(q-1) > 2C8
where C, and Cj are positive constants to be defined later. Now let us set b, =k/2°?,
by=(k+1)/2?, h,=exp [—qc]/2" and
Fig; m, n) = {w; $(ba— mhgy @)= x(by + gy )
201
2 o(by—b,—(m+ n)ha){?’+— Z 7{}}’
P i=o
0 =< m,n = exp [gc],

where ¢ denotes ¢(2°/1)=¢(1/(b;—b,)). Further set
Se={m0=mzexplgcl, F,= \) Fg;mn),
m,neSq

and denote the smallest integer p’ satisfying (16) by p,
(16) 2p+1 > ptle. plog2 = 2log ple.

The following lemma plays an essential role, and we need several lemmas to
prove it.

LEMMA 3. Under the assumption of Theorem 2, there exists an absolute constant(*?)
Cy such that for p=p,

17 P(F) = GP(E(p; K, 1)), qz21

Proof. We consider a fixed triple (p, k, /) with relation of p=p,. Denoting the

(**) An absolute constant means a constant independent of (p, k, /) and q.
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complementary event of F by F’, we have
P(Fq) = P(Fq—l)"'P(Ft;-l N Fq)
18 ’
(18) S PE.)+ D P(ENFgimm), qz2

m, neSq

Let us denote the second term in the right-hand side of (18) by P, and estimate it.
We denote the interval (b, +nh,, b,—mh,) by I(q; m, n). Next, for each pair
(m, n) of m, ne S,, we choose two elements m,, n, of S,_, in such a way that

(19) |[mhy,—myhy 1|, |Bhg—nihy_y| < B4y,
and, if p is convex in (0, 8), I(g; m, n)<I(q—1; my, ny) and, if p is concave in (0, 8),
Ig;m,m)—I(g—1;my,m) # @,  I(g—1;my,n)—1Ig; m,n) # 2.

Then we have
Pl = z P(F.,'_lf\F(q; m, n))

m, neSq

< D P(F@—1;my,m) 0 Fg;m,n)).

m, neSq

(20)

To estimate the right-hand side of (20), we use the following lemmas.

LeMMA 4. (i) If the correlation function p is convex in (0, 1), then it holds that for
any pair of nonoverlapping intervals (a, b), (¢, d)<(0, 1)

(21 E((x(b) — x(a))(x(d)— x(c))) £ O,
and for (c, d)y<(a, b)<(0, 1)
22) o¥(d—a)+e*(b—c) = o*(b—a)+s*(d—c).

(ii) If the correlation function p is concave in (0, 1), then it holds that for any pair
of nonoverlapping intervals (a, b), (c, d)<(0, 1)

(23) E((x(b)— x(a))(x(d)— x(c))) 2 O,
and for any pair of overlapping intervals (a, b), (c, d)<(0, 1)
(24) oX(d—a)+o*(b—c) = d*(b—a)+e*(d—c).

Proof. We prove only (i) because (ii) can be proved similarly. Let 0Sa<b=<c
=d=1. Then we have

E((x(b) — x(a))(x(d) — x(c))) = {p(d—b)— p(d—a)} —{p(c—b)— p(c—a)}.

Since (d—b)—(d—a)=(c—b)—(c—a) and p is convex in (0, 1), the right-hand side
of the above equality is nonpositive. So we have (21).
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{o*(d—a)+o*(b—c)} —{o%(b—a)+o*(d—c)}
= 2{p(b—a)+ p(d—c)} —2{p(d—a)+ p(b—¢)}
20,
because d—c=<(d—a)A(b—c)<b—aand (b—a)+(d—c)=(d—a)+(b—c). QE.D
LEMMA 5. Let (U, V) be a two dimensional Gaussian random variable with

E(U)=E(V)=0 and E(U%)=E(V?)=1. Then, for a pair (a, b) with 0<a<b, the
Sfunction p(a, b; p)=P(U<a, V>b) is monotone decreasing in p=E(UV).

Proof. See Lemma 2 in T. Sirao [7].
Let us set, for any m,ne S, and m,, n; € S,_; which are chosen by the way
stated already, a=b, +nh,, b=by,—mh,, c=b, +n.h,_, and d=by—mh,_,.

LEMMA 6. Let p be the correlation coefficient between x(b)— x(a) and x(d)— x(c).
Then there exists a positive constant Cyq such that

(25 p 2 1-Cio(1/p) exp [—(g— Dee/2].
Proof. We can see from (22) and (24) that
o (d—a)+o*(b—c) Z o*(b—a)+e*(d—c).
Hence we have
E((B)— x(@)(x(d) ~ X(0))) = Ho(d—a) + a*(b—¢)— aHd—b) —o*(c—a)}
2 Ho%(b—a)+o*(d—c)—o*(d—b)—od*(c—a)}.
So it follows from the monotonicity of o2 that

2 1_% o*(d—b)+o%*(c—a)
a(b—a)a(d—c)

RO 0
= 0%(by— b, —2h, exp [gc))

Now put

I

log 2—log (I—2
£ plog2 los 02 b2 pgz 2,

M = sup {(1_2)a exp [(q_. ])ca/2] ¥4 log 2+(q_ l)c

Bpel1 = 1= [P, c 2 2
Evidently, by (16), M is finite. Then we have by (A.1)

plog2—log (I-2)
plog2+(g—1)c

B

Cs ! :
pzl-w {(1—2) exp [(q—l)C]}

CsM
1 G exp [—(g— Dce/2].

v

So, putting Cyo=C,M/C;, we have (25). Q.E.D.
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Now let us go back to the estimation of P,. Let Y and Z be mutually independent
Gaussian random variables with E(Y)=E(Z)=0 and E(Y?)=E(Z%)=1. Then,
using the notations in Lemma 6, we have

P(F(g—1; my, )’ 0 F(g; m, n))
= P(x(b) x(a) = o(b— a)(<p+— Z 2- af)
6) x(d)—x(c) < o(d—c)( % Z ))
- P(Y> <p+?: 2 2741, (1— p2)1’22+pY<(p+2- ; 2- at)

Put po=1—C;, exp [—(g—1)ce/2]/p, and we can see from (25), (26) and Lemma 5
that

P(F(@—1;my, n)' 0 F(q; m, n))
= P(Y> <p+ Z 2-d (1—p0)1’2Z<(1—p0)(<p+ Z 2" ”")

_pogﬁ'z —al@- 1))
¢

o
- P(Y zp+= > 2-“*)19(2 < (1—pd)-22

2¢ L3 2¢
<(1-— += 2-a__, - )-a@- 1))})
{( Po) (<P v Zo Pog
= P, (say).
Now we have by Lemma 1
= o(2°/l) < {2plog 2+7 log log p[a}*/2.

Hence there exist absolute constants ¢, Cg and C, such that they satisfy (15) and
the following two inequalities

1= a-p(p+Z 5 27 5 6 <o

2c
(l—Pﬁ)'”zpo; 2 Cyexp [Ya(g—1)c].
So we can see by (15) and (10)
Py, £ P(Y 2 @)P(Z < Cg— Cyfe'*[2)*~D)

é P(Y g (p)P(Z > _Ci'l(ec/4/2)a(q-1))
@7

< > 1 2 2 cl/4 —a(@g-1) C% c/4 [9)2e(q—1)

SPYz o) & e exp [- S enppa-s]

< e 3P(E(p; k, 1)).
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Then it follows from (27) that

P(F(g—1; my, ny) N F(g,m,n)) < e~ 3°P(E(p; k, 1)), mneS,qz=2,
and accordingly
(28) P, < e~ “P(E(p; k, I)).
Since

P(F) £ > P(F(1;m,n) = e*P(E(p; k, 1)),

m, neSy

we get from (18) and (28)

PE)S (4 5 e )PEGik DL a2 2

i=2

which proves Lemma 3. Q.E.D.
Now we are in a position to prove Theorem 2. Set

Gp;k, D=0 (O F,

n=14q=n

and
H(p: k1) = {g; sup X050 2 o)+ e > 2 }

where sand ¢ runs over the intervals [k2-?,(k+1)2-?] and [(k+7/—1)2"7,(k+1)2~7]
respectively. Then it follows from the continuity of X and Lemma 3 that
P(H(p; k, 1)) = P(G(p; k, 1))
< lim inf P(F)

q->©
< GoP(E(p; k, 1))
Therefore we have by Lemma 2
o 2P ipll®)
(29) > > > PHp;kD) < o.
p=p1 k=0 I=[pl/%/2]+1
According to Borel-Cantelli’s lemma, (29) shows that for almost all w there exists
P2(w) such that
w¢H(p; k1) forp 2 py(w), 0=k=2°, [}p'] <= [p"]

Now, for any pair (s, ) satisfying 0<s<?=<1 and 0<?—s5< py(w)l/*[2~Pa(®,
choose p, k and [ such that

@+1

2p+1

Pk k+1 _ k+1-1 k+1
P PSSy ST ST

St—-s<
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Then it holds that p,(w)<p, 0<k<2”? and p'¢/2<I<pY®. Accordingly the fact
that w ¢ H(p; k, I) implies

x(t, w)—x(s, w) < o(t— S){‘P(Zp/l)”' @ £ Z }

s ot-ptll—s) s 5 27

Then, taking into consideration the symmetry of a Gaussian process, we can see
that ¢+ 2c¢'/e belongs to #*, where ¢'=c 22, 1/2*. Since this result is obtained
from the assumption of convergence of (2), the same result also should hold for
@(t)=p(t)—3c’[p(t), because ¢ is nondecreasing, continuous on [a, o) and further
the integral (2) for ¢ is finite. Moreover ¢()+2¢’/@(t) < p(2) for large ¢, as is easily
seen. Hence ¢ should belong to *. Q.E.D.

5. Proof of Theorem 3. We shall use the same notations as in §4.
According to Lemma 2, the divergence of integral (3) implies

© 2P [plle)
(30) > 2> 2 PEPpkD)=o
p=1 k=0 l=[pll%3)]

By the definition of .£*, the function ¢ belongs to £ if E(p; k, I) occurs “infinitely
often” for almost all w. To prove this is the case, we apply the Chung-Erdos
lemma(*?).

In the sequel, we often denote E(p; k, /) by E,, where the subscript 7 is given in
the following way. Let E,=E(p; k, 1) and E,,=E(p’; k', I’). Then n stands before
m if and only if either one of the following hold: (i) p<p’, (ii) p=p’ and I’ <,
(iii) p=p’, I=1" and k<k’'. Hence n<m implies I’/2” <1/2?, where (p,[) and
(p’, I') correspond to E, and E,, respectively.

Now, by the Chung-Erdds lemma and (30), it suffices to prove the following
Lemma 7 and Lemma 8.

LEMMA 7. For every pair of (n, h) with nZ h, there exist c(h)>0 and H(n, h)>n
such that for any m= H(n, h)

€2)) P(En|Ey N Epyy 0220 Ey) 2 c(W)P(E,) (™).

LeMMA 8. There exist two absolute constants K, and K, with the following
property: to each E,; there corresponds a set of events {E,;i=1,2,3,...,s}<
{E.; n=1,2,3,...} such that

32) > PE NE,) < KP(E),

(*2) See [2].
(*3) P(E/F) denotes the conditional probability of E under the condition F,
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and that for all E,#E; (i=1,2,3,...,s) provided k > j
(33) P(E; N Ey) = K,P(E)P(Ey).

Before we prove Lemma 7, we shall state a remark and Lemma 9. For each
E,=E(p; k, 1), we define U,=U(p; k, I) by

Un = Up; k, 1) = x((k+D)/[27)— x(k/[27),

where U(p; k, 1) is used when we want to emphasize that U, corresponds to
E(p; k, 1). Then we have for every n

(34) lim p(U,, Un) = 0,

where p(U, V) denotes the correlation coefficient between U and V. In fact, (34)
is proved in the following way. Let U, =x(b)— x(a) and U, =x(d)— x(c). Since we
may regard o? as a monotone and concave function as was remarked already, it
holds by (21)

a%(d—c)
P(Um Um) é m
_ :g::g —0 asm-—> o,

because d— ¢ tends to 0 as m — 0.

LEMMA 9. Let {X1, Xa, ..., Xy, Yn;m=1,2,3,...} be a sequence of standard
Gaussian random variables, and assume that p,=max{|p; »|;0=i<k}—0 as
m — oo, where p; , denotes E(X,Y,). Then, for any sequence of Borel sets B,<
[pm©, p&) provided 0<c<1 and for any bounded Borel sets A, (i=1,2,...,k), it
holds

P(Y,eB,/XieA,i=1,2,...,k)/P(Y,eB,)—1 asm— oo.

Proof. See Lemma 4 in T. Sirao [7].
Now we shall prove Lemma 7.
Proof of Lemma 7. Let us set for U,=U(p; k, ) and ¢>0

Fi(e) = {w; 9(2?[1) = Un[o(l]2?) = 9(2*[])+c},
Ey(c) = {w; Up+c 2 0}

Then we have by (10)

PR 2 gz o o8 L4l () €~ - oxp [—3ef]

2 P(E,)(1 —2e7°),
where ¢, denotes ¢(27/1). So, for a given pair (n, h), we can take ¢ >0 such that

(35) P(Fu(c)) 2 3P(En), m 2z,
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and
P(A & n E() 2 #P(() Ei).
Then it holds that
PEE,NE,,,N---NE})
(36) =PE, NE,NE; ;N -NE)PE, NEs ;0 -NE;)

2 $P(Fa@ ] () (B 0 (@),
On the other hand, if we put
Xi=Uuyyy, Ai=I[-ce@], i=01,2,...,n—h
and
Yn="Un  Bp=I[e2[l,), p(2Pn[l,)+c], m=n+1,n+2,...,

then, applying Lemma 9, we have for large m

n
P(Fu@)] () (i 0 E@) > $P(FA(e))
Therefore (35) and (36) show that there exists an H(n, h) > n such that
P(En|Ep, N Epyy 0---NEy) 2 P(E)[12,  m z H(n, h),

which proves Lemma 9 for C(h)=1/12. Q.E.D.
The proof of Lemma 8 is complicated and we need some lemmas for it.

LeMMA 10. Let (U, V) be a two dimensional Gaussian random variable with
E(U)=E(V)=0 and E(U%)=E(V?)=1. Then for any a, b>0, there exist positive
constants K and d such that (i)

(37 P(U > a,V > a) = Kexp [—d(1—p?a?]P(U > a),
where p denotes p(U, V), and (ii) if p<1/ab, then
(38) P(U > a,V > b) < KP(U > a)P(V > b).

Proof. See Lemmas 3 and 4 of Chung-Erdos-Sirao [3].
Now, for each E;=E(p; k, 1), let E, be the collection of E,=E(p’; k', I") such
that n>j and

(39) p(U;, Up) 2 {e(2°[Dep(27 (1)}~
Then we have

LemMMA 11. For each E;=E(p; k, 1), E, is a finite set. More precisely, there exists
an absolute constant C,, such that for E,=E(p'; k',1') e E,

(40) p' < p+Cy logp.
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Proof. Let us set a=k/2?, b=(k+1)/2?, ¢c=k'[2*" and d=(k'+1")/2”. Since p
is convex, we can see from Lemma 4 that p(U;, U,) <0 if the intervals (a, b) and
(c, d) are disjoint. So each E, € E; should satisfy either one of the following:

(«y ascsbsd,

(B asc=dsb,

(y) csasdsbh.

In the case (), using (21) again, we have

E((x(6) — x(@))(x(d) — x(c))) < o*(b—c).
Hence the monotonicity of ¢ implies

a?(b—c) < a(d—c)
a(b—a)o(d—c) = o(b—a)

p(U;, Uy) =

Similar computation in the cases (8) and (y) shows that in all cases (), (8), (y), we
have

“n p(U;, Uy) £ o(d—c)[o(b—a), E,cE,

Combining this with (39), we have

{p(2°[Dp(2” (1N} = o('[27)]a(l]27).

Therefore we can see from (8) and (A.1) that there exists an absolute constant
L >0 such that

@'lp)-* 1\v2
2 -pa > L(E)
or
N B PO
Pty log 2 logp" < p+5; Tog 2 {(28—1) log p—log L},

which implies the existence of C,, satisfying (40). Q.E.D.
Next, let us put
E,={E;i=12,...,5},
E; = E(p; k, 1), E, = E(p; ki, 1),
a=k/2?°, b= (k+D/2®, a =k/2", b = (ki+1)[2",
¢ =9(l/(b—-a), @ =9(/(b—a)).

Then it holds that b;—a,=b—a, p=<¢, i=1, 2,..., s, because j; > j.
Now it follows from Lemma 10, (i) that

42)

P(E; N E;) = P(U; 2 o(b—a)p, Uy, 2 o(b—a)p)

“3) < Kexp [—d(1- p?)¢?|P(E;),
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where p; denotes p(U;, U,,). Hence, for the estimation of the left-hand side of (32),
it suffices to do

‘Zl exp [—d(1 — p?)¢?].

To do this, we divide the above summation into two parts denoted by >V and
>@ as follows:

@) 2, exp [—d(1-pD)g®] = 27 exp [—d(1—pD)e®]+ 2, exp [~ d(1—pD)e"),

where >¥ expresses the summation over all i’s such that
“) bz (1—pi2)s,
and Y@ expresses the summation of remainder.

LEMMA 12. There exists an absolute constant C,, such that
(46) 2.2 exp [—d(1-pP)¢?] S Cra.

Proof. It suffices to prove the boundedness of 3@ for large p. So we may assume
that

plog2—(1/«)logp > p/2.

Since we have for all i considered in >® 1— pZ >p~12, it follows from (8) that

@7 (1-pf)g* > p~3{p log 2—(1/«) log p} > }p'2.
Then Lemma 4, (i) shows
(48) (a, b) N (ah bt) # g(14)°

Now let #(p’) be the number of i which is considered in >® and satisfies the
relation p;=p’. Using (48) and Lemma 11, #(p’) is estimated as follows.

#0") < (b—-a)2" (p)*
< (ppye2r e
< pPu*®%(1+ Cy, log pp)*e.

Combine this with (40) and (47), and we can see the existence of an absolute
constant C,, such that

>® exp [—d(1—pBp?] < p°u*¥%(1+ Cy, log plp)!/*Cy; log p exp [—4 dp*'?]

=< Cia. Q.E.D.
LEMMA 13. There exists an absolute constant C,; such that
(49) 2.7 exp [—d(1-pP)g?] S Cia.

(**) @ expresses the empty set.
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Proof. The proof is divided into several steps.

Using the notations given in (42), we first note that there exist three cases:

(@) a2a,=b=b;,

(B) asa;=b,<b,

(y) a;<asbh=bh.

1°. There exists an absolute constant C,, such that for all p,’s considered in >

(50) PEp 2p+Cis

In fact, as was shown in (41) already, p;=p(U;, U,) satisfies p; < o(b;—a;)/o(b—a).
And accordingly we can see by (45) and (A.1) that for large p

C, (3\* p\*#
_p-l2 < 2 - ol —(,-pa [ £1
1-p 5 ot < 22 (5) 2700 (B)

Then Lemma 11 shows the existence of C,5 such that
1—p~12 £ Cys2- %P7,

which implies (50).
2°. In the case (@), there exists an absolute constant C,¢ such that

(1 pi = 1= Ciolhky—k277)%|p.

To prove this, we first remark that (41) and (45) imply

. O’(b—a{) T O(bi'—ag) _
Sm e ~ im =y ~ b

Then we have

. ol@—a) .. o(a;—a) -
(52) lim Z7—0 = lim 275 =0,

because we have by Lemma 4, (i)
E((x(b) — x(a))(x(b) — x(a))
a(b—a)o(b;—a;)

(53) _ o*(b—a)+o*(b—a)—o*(a;—a)
- 20(b—a)o(b;—a;)

IIA

Pi

and p; — 1 as p — o0. Moreover we can see from (50) that for any ¢>0 there
exists p(e) such that

log (a;—a)
log (b—a)

(54) 1=

_ |p, log 2 —log (k;— k27:—7)

>
plog2—log! <l+e  p2pe),

because a;>a in the case («).
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Now, if we remark that for large p
o¥(a;—a)—{o(b—a)—o(b—a)}*
o*(a,—a)—{(c*(a—a) +o*(b—a))"? —a(b—a)}*(*°)
o%(a,—a)— o*(b—a){(1 + o*(a;,— a)/o*(b—a;))'* - 1}2
o¥a;—a)2,  (by (52)),
it follows from (53), (54), and (A.1) that for large p

v

v v

20(b—a)o(b—a;) +{o(b—a)—o(b—a)}*— 0*(a,—a)
20'(b - a)a(b, - ai)

IIA

Pi

1 02((11 - a)

1-2%0=a

I\

1 C
1-3 1+ 2 (@—ayb-a)

lIA

1_% (1 +8)-IBI .g_':. (ki_kzp,—p)al—az—(p,—p)a
< 1—‘—lt(1+e)“‘”%’5(k,—2k’t"’)”’p‘12‘("1"’)"’.
4

Then (50) implies (51).
3°. In the case (y), we have similarly as in 2°

(35) pi = 1-Cir{(k+ 12777 — (ki + 1)} [p,

where C;, is an absolute constant.
4°. In the case (B), we have by Lemma 4, (i) p; < p(x(b) — x(a;), x(b;) — x(a))).
So, if we put k2P ~?=k; in (55), it follows from (55) that

(56) pi £ 1=Cpq(127-7—1)%[p.

5°. Let us divide the summation > into three parts as follows:

Z(l) = Z(a)_’_Z(ﬁ)_l_Z(v),

where >@, >® and > denote the summations over all i’s corresponding to the

cases (), (B), (y) respectively. Then we can see from (8), (51), (55) and (56) that
there exists an absolute constant d; >0 such that

d(1—p?)e? = dy(k;—27~?k)*, for the case (a),
(57 = d,(127-?— )%, for the case (B),
2 di((k+1)27-?—(k,+1))%, for the case (y).

(*%) ¢ is concave.
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Next, for fixed p’ (Zp) and k', we consider the numbers #(p’, k’; ) of i which
corresponds to the case («) and satisfies the relations p;=p’ and k;=k’. Then we
have #(p’, k'; «) Sk’ — k27 -7,

Further, for given p’, I’, ', let us set

#(p', I’; B)=the number of i which corresponds to the case (y) and satisfies the
conditions p;=p’ and /;=1".

#(p', ' ; y)=the number of i which corresponds to the case (y) and satisfies the
conditions p;=p’ and k,+/,=F'.

Then it holds that #(p’, I’; B)SI27 ~?—1", #(p’, k' ; y) S(k+ )27 ~?—}'.

Now we have by (50) and (57)

> P exp [—d(1- p?)g?]

p+C1q {(IH- nor’-p

IIA

(k' — k27" ~?) exp [—dy (k' — 2k” ~?)%]

p'=p \(g’'=k2r'-?

[2?'-?
+ > (27 P=I) exp [—dy(127' -7 = 1')"]
I’'=0
(k+ 2P —P
+ > ((k+D2 P —h)exp [—dy((k+1)27 "7~ h')“]}

h'=k2P' =P
< 3Cy D kexp [—dike]
k=0

< o0,

which proves (49). Q.E.D.

Now we shall prove Lemma 8.

Proof -of Lemma 8. For any E;, let us take E, (the collection of E, satisfying
(39)) as the set {E,;;i=1,2,...,s}in Lemma 8. Since (39) and Lemma 10 imply
(33), it suffices to prove the validity of (32).

According to (43), we have

3 PE N E) < K 3, exp [-dll - fFIP(ED.
Then we get from (44), Lemmas 12 and 13
2:1 P(E; N E,) = K(Cy3+ Cy3)P(E)).
This shows that (32) holds for K; =K(C,;+ Ci3).

Thus we have completed the proof of Theorem 3. Q.E.D.

6. Proof of Theorem 4. The proof of Theorem 4 proceeds parallel with the
one of Theorem 2.

LEMMA 14. Theorems 4 and 5 hold if they do under the following condition:
(58) {2log, 1312 = (1) = {3 log, 133, tZ eV a.
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The proof is analogous to the one of Lemma 6 in T. Sirao [7], and we omit it.
In the following discussion, we shall always assume (58). Let us define E(p; k) by

E(p; k) = {w; x(k[2?)—x(0) 2 o(k/27)(2%[k)},
p=123,...,k=1,23,...,2°
Then we have the following one corresponding to Lemma 2.

LemMA 15. For any c€(0, 1),

© [(log p)lle]
Z > P(E(p; k)

p=1 k=I[c(log p)1/%]

converges or diverges according as
© 1
[ uomer e -gwen ar

converges or diverges.

Proof. By the similar way as in the proof of Lemma 2, we can see that there
exist p, and p, such that

L) [(log p)1/%]

P(E(p; k))

p=po k=I[cUogp)l/o]+1

< 20-1 (log p)%«
= (277)”2 Z {(log P (log (p— 1))“"‘} 2»

1 P, -1/
I (og p)- 7 oXP [~ 3*(2(log p)71)]
X 2P(log p) — 1/«
=Z f 2"( 1(10: - 1))'1/«:(10g 2k {#(2°(log p) =)=
-exp [—1¥*(2(log p)~*'*)] dt

S g |, 1 4O exp [~

IIA

(211)” 2

and similarly

o [(og p)t/e]

PR3 ) 2 g [ 3 HO% exp [—42(0)] dr.

p=p;1 k=I[c(og p)1/2]

These two inequalities prove the lemma. Q.E.D.
According to Lemma 15, it holds that under the assumption (4)

© [(log p)1/e]
(59) > 2 PEPp;k) < w.

p=1 k=[(1og p)1/%/3]
Now, for a given pair of (p, k), we set
b=k2%, h, = 277 exp [—qc], ¥ = Y(1/b), qg=123,...,
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where c is a large number which makes e an integer and satisfies the following
inequalities where absolute constants C;g and C;4 will be chosen later.

12 ] C alq—1)c —oae
(60) (;) Cio® [ () ]<eq’ 922

Cig(e®%[2)*a=D > 2C,,.
Then the set S, and the events F(g; m), F(q) are defined by S,={m; 0<m=e*},
qz1,
Flg; m) = {w xX(b—mhy)—x(0) > o(b— mhq){x/t+ 2 }}
qz1l,meS,
and Fq=UmeSq F(q; m).

LEMMA 16. There exists an absolute constant Cyq such that
P(U F) s CaPEp; 0.

Proof. For any me S,, ¢=2, we choose m, € S,_; such that |mh,—mh,_,|
Shy_;. And we set U,=x(b—mhy)—x(0), Vyu,=x(b—myh,_,)—x(0). Then we
have by Schwartz’s inequality and (A.1),

o2(b—mh)+ 0¥ (b—myh, 1) — *(mhy—myh, 1)
P(Uns V) 2B —mhy)o(b— ik D)

1 o*(mhy—mihy-,)

3 sB=mh)olb—mh, D)

1—

1\

Moreover we can see, by the same way as in the proof of Lemma 6, that there
exists an absolute constant M such that

1 (g—1Dc
p(Um, Vﬂu) = 1-M lOg exXp [ q 2 ) O‘] = Po (Say)'

Now put
2C q-2
Cuo = sup {A=p) 1 =p0 (445 2 27%)ip 2 ¥ v e 2 2}
i=0
and choose C,g which satisfies (60) and the following
(1= %0 % 2 Cuoxp lislg—Dcl,  pz Mgz 2

(Evidently we can choose such triple (¢, Cig, C;o) if we take sufficiently large c.)
Then we have by the procedure as was used in Lemma 6

P(F(q—1; my) N F(q; m)) < e~ *“P(E(p; k)),
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and accordingly

P(F) S P(Fy-)+ 2, P(Fy-1 0 F(g; m))
(61) meSq
= P(Fp-1)+e " “P(E(p; k), g22.
Since P(F,)<e°P(E(p; k)), (61) proves the lemma. Q.E.D.
Next, let H(p; k) be the collection of w such that there exists ¢ satisfying (k—1)/2?
<t<k/2? and

x(t, &)= x(0, w) 2 a(t){¢(2p/k)+2c(¢(2v/k>>-1 s 2}

Then we can see by Lemma 16 and the continuity of X
P(H(p; k)) < lim inf P(F;) £ C30P(E(p; k),
q— 0

and accordingly

) [(log p)1/a]
P(H(p; k)) < oo,

P=po k=I[(og p)1/%/3]

where po=[eMV e]+ 1. Now the procedure used in the proof of Theorem 2 implies
Theorem 4. Q.E.D.

7. Proof of Theorem 5. We have by Lemma 15

© [(log pY1/e]
P(E(p; k)) = oo,
P=po k=[2(og p)1/%/3]
where p, denotes a sufficiently large integer so that for p=p,, we can do all the
computations in the sequel which are available for large p(°).

As in §4, we denote E(p; k) by E,, where the subscript n is given as follows:
If E,=E(p; k) and E,=E(p’; k"), then n<m if and only if either one of the
following holds:

@ p<p

(ii) p=p’ and k' <k.

So n<m implies k'[27" < k/[2P.
Now it suffices to show that Lemmas 7 and 8 hold for our sequence

(E;j=1,23,..}

For E,=E(p; k) and E,=E(p’; k'), put b=k[2?, b'=k'[2"', U,=x(b)—x(0),
Un=x(b")— x(0).
Then we have by (34) lim,,. , p(U,, U,)=0, or more precisely

(62) p(Un, Un) = o(b')/o(b)

(16) This assumption does not take any loss of generality.
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as was obtained in §3. Therefore the proof of Lemma 7 is valid for the present
case if we replace there ¢ and //2? by ¢ and k/2” respectively, i.e. Lemma 7 holds
for our sequence {E;; j=1,2,3,...}.

Next, we shall consider Lemma 8. For each E;= E(p; k), let E; be the collection
of events E,=E(p’; k") such that n>j and

(63) p(Uy, Up) 2 {27 (k327 [K')} .
Then we have

LeMMA 17. For each E;=E(p; k), E, is a finite set. More precisely, there exists
an absolute constant Cy, such that for E,=E(p’'; k') € E,

p' < p+Cs loglog p.
Proof. Since we have for E, € E,
{P(@p(®)}~* = p(U, Uy) = o(b')/a(b)

where b=k/2? and b’'=k’[27, it follows by (A.1) that there exists an absolute
constant L >0 such that

_1 (IOLP')“(A)B > L
20'-ma \logp/ \p')] = logplogp’
which proves Lemma 17. Q.E.D.

Now let

E;={E,;i=12,...,s}, E;= E(p;k), E;, = E(p;; k),
b=k[2°, b =k/2", ¢ =4(1/b), and p; = p(U;, U,).
According to Lemma 10, the validity of Lemma 8 for our sequence
{E;;j=1,2,3,...}

is obtained from the boundedness of

(64) Z exp [—d(1 — )],

where d denotes an absolute positive constant. To show the boundedness of the
above series, we divide it into two parts as follows:

(65) Z exp [—d(1—pPW?] = D7 exp [—d(1—p?)?] + > ® exp [—d(1 - p2}?),

where > expresses the summation over all i’s such that p,=(1—(log p)~1)*/2
and >® does the summation of remainder. Then we have

LEMMA 18. There exists an absolute constant Cyy such that

> exp [—d(1—pP)?] < Caa.
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Proof. Since it follows from the definition of >® that for any i considered in
>@_ 1—p¢>(log p)~''2, we have by Lemma 14

(I1-p)¢ Z (log p)*'?log p 2 (log p)*2.

On the other hand, the cardinal number of collection of k' satisfying k'/2"’
<k/2? for previously given p’ does not exceed 27 ~?(log p)'/*. Moreover we can
see by Lemma 17

27" ~?(log p)*'* < (log p)°ar* /e,
Then we have

22 exp [—d(1—pP)y?] < (log p)°s1* Y= exp [—d(log p)*'2],
which proves Lemma 18. Q.E.D.
LEMMA 19. There exists an absolute constant C,3 such that
>® exp [—d(1—pP?] S Cas.
Proof. 1°. For any i considered in >, it holds by (62) and (A.1) that

2 B
— -12 < 2 < d (b‘) < C4 (p’ ~p)a _Ing (ﬂ)
{mloen ™R =0 = gy 226, M iog )

So we can see that there exists an absolute constant Cy5> 0 such that
(66) P=p <p+Css.

2°. Considering the special case of () in the proof of Lemma 13, where a=a,=0
and b,<b, we can see from (56) that for a properly chosen absolute constant
Cos p=1—Cas((b—b;)/b)* because the term (J2°~?—[)*/p in (56) comes from
o%(b—by)[o*(b—a) and now a=0. Therefore we have by (A.1)

pe = 1—Cos(k2” P —k')*[log p
or

(67) 1—pf > Cy5(k2” ~?—k')*[log p.
3°. We have by (66), (67) and Lemma 14

- 27 exp [—d(1—pP?] S 3 exp [—dCos(k2” P~ K')]
< Cay D, exp [—dCysk®] < o0,
k=1

which proves Lemma 19. Q.E.D.
Now we can get from (65), Lemmas 18 and 19 the boundedness of series in (64),
as was to be proved. Q.E.D.

8. Proof of Theorem 6 and Corollary 6.1. At first we shall prove the following
lemma which was stated in §2 as a sufficient condition to make X a process satisfying
the condition (A).
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LEMMA 20. Let f be the spectral density function of stationary Gaussian process X.
If f satisfies the following conditions, then X satisfies the condition (A).
(i) There exist positive constants Cs, C, and K such that

(68) Cs S fx)x**'(logx)f = C,, x2 K,
where 0<a<2, —o0<fB<00.

(i) g(x)=x%f(x) is two times differentiable in x, and for some 0 <e< 1, either one
of the following (a) or (b) holds.

(a) x®~%g"(x) is bounded from below, and lim inf, _, ,, x3~¢g"(x)>0.

(b) x®-¢g"(x) is bounded from above, and lim sup,._, , x3~¢g"(x) <O0.

Proof. For the process X with a spectral density f satisfying (68) and p(0)=1,
we have

() = 21— p(h)) = 4 f * sin® (hx/2)f(x) dx

—4 f * sin? (hx/2)f(x) dx+4 f " sin® (hx/2)f(x) dx

= 4L(W)+1(h)  (say).
Then we have

(69) lim Ik = f " ¥f(x) dx/4

]
and

) G f ® sin? (hx/2)fy(x) dx £ L) < C. f ® sin? (hx/2)f,(x) dx,

where fi(x)=x"“*D(log x)~#. Taking a computation on the integral in (70), we
have

J ® sin? (hx/2)f,(x) dx = h*(log 1K)~ f ® sin? (x/2)x-@*V|1 - (log x/log h)| ~* dx,

and accordingly

1) Gk, = }llin(} Ly(h)[h*(log 1/h)~% < C,4K,

where K;=[g sin? (x/2)x~ @+ dx.
Now (69) and (71) implies (A.1).
Next, we shall prove the convexity of o2 if (a) and (ii) hold. Let A>0 and
consider the quantity
APe? = o%(hy +2h)+ 02(hy) — 20%(h, + h).
Then we have

AP = 4 f ® {sin® ((hy + 2k)x/2) + sin? (hyx/2)— 2 sin? ((hy +h)x/2)}f(x) dx
0

) -
= 4 [ O e i) 3 () 2w )




1970} STATIONARY GAUSSIAN PROCESSES 329

Putting f(h; x)=(x/h)f(x/h), g(x)=x%(x), we get
f . x X (XY, (XN X\ p—an
oL = xh {2f(z)+45 f (Z)+(E) I (Z)} — xh-3¢"(x/h).
So it follows from (72) that
APo? — 4 f “ X1 sin? (x/2)ADf(h,; x) dx

L [Psin?(x/2) A L X )
—4fo x (h1+0h)3g(h1+0h dx, 0<#6<2

Then by (a) and Fatou’s lemma

(AP (h, + 2k
lim inf ane

2 fm x~®-95sin? (x/2) l;n’} inof (x/(hy+ 6h))®~2g"(x[(xy + 6h)) dx > O,
0 sh1—

which proves the convexity of ¢2 in a small interval (0, §).

If (b) holds, then we can prove the concavity of o? in a similar way. Q.E.D.

Using Lemma 20, we can prove Theorem 6 as follows.

Proof of Theorem 6. According to the preceding lemma, there exists a stationary
Gaussian process Y={y(t); 0=¢=<1} with 0-mean which is independent of X and
satisfies the condition (A) for a given pair («, B) with 0<a<2, —o0<B<o0(*?).
For an arbitrary ¢ >0, let us consider a stationary Gaussian process

Z={(@);0=sr=1}
defined by
2(1) = (1+&?) 2x+ey(1)}, 0=r=1

Then we have E(z(t))=0, p2(0)=E(z(t)2)=1 and for small 4>0 and a properly
chosen constant Cys>0

h* (Cy+e2Cae)h®

—_ < g2 < 2 72 Teo]
Caoiogap = ") = (T log hP

where
o3(h) = E((z(t+h)—2z(1))?).

Since the concavity or convexity of o2 is obtained from those of o2 and o2, where
o2(h)= E((y(t+h)— y(1))?), the process Z satisfies the condition (A). Then it follows
from Corollary 3.2 that for an arbitrary ¢” >0 and for almost all w there exists an

(*") See Remark 3 in §2.
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ho(w) such that 0 <A < hy(w) implies
sup {|z(t+h, w)—z(t, w)|;0 S t < 1—h} < o (W{(2+¢") log (1/h)}!/?

{1+6,2C26/C4 V[ 2+eNCeh \ V2
1+¢7 (log (1/R)y 1

IIA

and

sup {6+ =013 0 5 1 5 1-8) < {@+e)Cu oz cim=s)

So we have for h < hy(w)
sup {|x(t+h)—x(¢)|;0 <t = 1-h}
= (14?2 sup {|z(¢+h)—2z(t)|;0 2t £ 1-h}
(73) +é& sup {|y(t+h)—y(t)|;0 <t < 1—h}

{C4 W} {(14+&'2C26/C)M2+ Y2+ ")V2

For any >0, if we take ¢’ and &” such that
{(14+62C36/C) 2 +&'}2(2+ ") < (2+e),

then (73) proves Theorem 6. Q.E.D.

As an application of Theorem 6, we can prove Corollary 6.1.

Proof of Corollary 6.1. According to Theorem 6, it suffices to show that the
relation

(74) f ® x4|log (1+0)|* dF(x) < oo
implies
79 o?(h) = o(h*/(log (1/m))?)(*®).

To show this we first consider the function
gh; x) = (log (I/h)) (1—cos hx).

Let & (< 1) be a positive number such that x~¢|log x|? is monotone decreasing in
x € (0, &) and x%~¢|log x|# is monotone increasing in x € (0, 8). Then, for 0<h <3,
it follows that for x=1/h :

g(h, x) < 2h~“|log h]? < 2x*(log x)%,

and for <x<1/h
B L2
g(h,x) < (IOg (]/h)) h h2 allog hlﬂx2/2
< x"|log xl”/2.

(*®) f(x)=o0(g(x)) expresses lim,o f(x)/g(x)=0.
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So we have g(h; x) <2x%|log x|, 6 <x <co0.
Now (74) shows that x*|log x|® is integrable with respect to the measure dF.
So we have

lim ﬂ’)ﬂ‘;ﬁ“—/h»ﬁ = lim 2 f ® o(h; %) dF(x) = 0,

h—-0

as was to be proved. Q.E.D.
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